Let w be an element of the Weyl group S n , and let X w be the Schubert variety associated to w in the ag manifold SL n (C )=B. Lakshmibai and Sandhya 12] showed that X w is smooth if and only if w avoids the patterns 4231 and 3412. Using two tests for rational smoothness due to Carrell and Peterson 2], we show that rational smoothness of X w is characterized by pattern avoidance for types B and C as well. A key step in the proof of this result is a sequence of rules for factoring the Poincar e polynomials for the cohomology ring of X w , generalizing the work of Gasharov 7].
Introduction
In general, let G be a semisimple Lie Group, B be a Borel subgroup, w be an element of the associated Weyl group W, X w = BwB=B be the Schubert variety indexed by w in the ag manifold G=B. Let be the Bruhat order on W and p w (t) = P v w t l (v) , where l(v) is the length of v. Then p w (t 2 ) is the Poincar e polynomial of the cohomology ring of X w , but we will abuse notation and refer to p w (t) as the Poincar e polynomial as well.
Roughly speaking, a Schubert variety is rationally smooth if local Poincar e duality holds. Any variety which is smooth is necessarily rationally smooth, however the reverse implication is not true in general. We take the next theorem as the formal de nition of rational smoothness. Theorem 1.1. 2] For any Weyl group W and any w 2 W, a Schubert varieties X w is rationally smooth if and only if either of the following hold:
1. The Poincar e polynomial p w (t) is symmetric. 2. The Bruhat graph is regular, i.e. every vertex has the same number of edges.
Date: October 24, 1997. This work was done with the support of a National Science Foundation Postdoctoral Fellowship. 1 Here the Bruhat graph of w is the graph with vertices in the set fv 2 W : v wg and edges between u and v if u = v for some re ection (not necessarily a simple re ection).
The Schubert varieties X w for type A are subvarieties of the ag manifold SL n (C )=B where B are the upper triangular matrices in SL n (C ). An excellent overview of the Schubert calculus for type A appears in a recent book by Fulton 6] . The Weyl group of type A is the symmetric group S n , whose elements are permutations written in one-line notation as w 1 w 2 : : :w n . S n is generated by the simple re ections i for 1 i n ? 1 where w i is obtained from w by interchanging positions i and i + 1. For example, if w = 612435, then w 1 is 162435. Deodhar 4] showed that rational smoothness is equivalent to smoothness in Type A (extended to all simply-laced roots systems by Peterson). Lakshmibai and Sandhya 12] showed that X w is smooth if and only if w avoids the patterns 4231 and 3412, i.e. no length 4 subsequence in w 1 w 2 : : :w n has the same relative order as 4231 or 3412. Furthermore, Gasharov 7] has shown that Schubert variety X w of type A is (rationally) smooth if and only if p w (t) factors into polynomials of the form 1 + t + t 2 + + t r . We extend both of these results to type B using combinatorial techniques in Theorem 1.2 below. As a consequence we obtain a new proofs in the type A case.
The Schubert varieties X w for type B and C are subvarieties of the ag manifold SO 2n+1 (C )=B(C ) and Sp 2n (C )=B(C ) (respectively) where B(C ) is a Borel subgroup (see 9, Sect. 23]). The Weyl group of types B and C are the hyperoctahedral groups (or signed permutation groups) B n . We write the signed permutations in one-line notation with a bar over an element with a negative sign. The group B n is generated by the simple re ections i for 1 i n ? 1 as well as 0 where w 0 is w 1 w 2 : : : w n . Note, we have chosen a di erent set of simple roots from that found in 8].
For any sequence a 1 ; : : : ; a k of distinct non-zero real numbers we de ne (a 1 ; : : : ; a k ) to be the element in B k with signed numbers in the same positions and same relative order of the underlying permutation.
Using this notation, we state the main theorem of this article. From the proof of Lemma 4.4 we can in fact make the following stronger claim which will be proven in Section 4. LetB w be the interval in the Bruhat order of all elements weakly below w. Corollary 1.3. For any w 2 S n or B n such that X w is rationally smooth, the intervalB w has a symmetric chain decomposition, i.e. contains a subposet using all vertices which is a product of chains.
A ranked poset with maximum rank m is rank symmetric if the number of elements of rank i equals the number of elements of rank m ? i, it is rank unimodal if the number of elements on each rank forms unimodal sequence, and it is k-Sperner if the largest subset containing no (k+1)-element chain has cardinality equal to the sum of the k middle ranks. 13] . Recently, Carrell has given an algorithm for determining the singular locus in a Schubert variety in G=B with G semisimple using the augmented Bruhat graph. Each of these tests is computationally more di cult than the complexity of the test we propose in the paper for rational smoothness. The complexity of determining if a signed permutation in B n avoids a nite list of patterns of length 4 is O(n 4 ). It was known that the Poincar e polynomial of a smooth (not just rationally smooth) Schubert variety factors according to the heights of certain roots 2, Sect.5]. In Section 5, we compare our factored formula for p w (t) with Carrell's formula.
In Section 2, we de ne the Bruhat order and give an equivalent characterization in terms of one-line notation. We give an explicit algorithm for the factorization of p w (t) for type A and B in Section 3. In Section 4, we use the factoring theorems to prove that rational smoothness is equivalent to pattern avoidance in type B as well. The minimal set of 26 patterns is given. We compare our factored Poincar e polynomial formula with Carrell's formula in Section 5. Finally, in Section 6 we conjecture that pattern avoidance also characterizes smoothness in D n and give a list of 54 minimal patterns.
Characterizing Bruhat order
The Bruhat or Bruhat-Chevalley order on a Weyl group is a highly important combinatorial tool for studying Schubert varieties 3]. There are several ways to characterize this partial order. We state two methods, the rst one holds for all Weyl groups, the second one is speci c to the classical groups.
Let a 1 a 2 ap be an expression for w in terms of the Weyl group generators of minimal length. Then v w in Bruhat order if and only if there exists a subsequence i i < i 2 < < i q such that a i 1 a iq equals v 10, 5.10].
We say that a set fa 1 ; a 2 ; : : :a k g is less than a set fb 1 We will need the following lemma in Section 4. 3. fx; a 1 ; a 2 ; : : : ; a k g < fx; b 1 ; : : :; b k g.
3.
Factoring Poincar e polynomials In this section we give rules for factoring the Poincar e polynomials p w (t) as de ned in the introduction. These rules are stated in Theorems 3.2 and 3.3, i.e type A and B are stated separately. It is clear from our choice of simple re ections (see Section 1) that S n and B n?1 are naturally embedded in B n in such a way that respects the Bruhat order. Therefore, the proof of the factoring rules in the type A case is included in the type B case. We give the proof of Theorem 3.3 after several lemmas; some new and some from the literature. We conclude this section with corollaries on a subposet of an interval in the Bruhat order and a recursive formula for counting the number of elements in such an interval.
De nition 3. The following theorem also appears in the work of Gasharov 7] and was the motivation for our Theorem 3.3. Proof. Recall, v w if and only if any reduced expression a 1 a 2 ap for w contains a subexpression a i 1 a iq which equals v. The lemma follows directly from the fact that reversing product of generators gives an expression for the inverse element.
Let P be any parabolic subgroup (i.e. P is generated by a subset I of the simple re ections in B n .) It is well known that 10, Prop. 1.10(c)] for each w 2 B n there exists unique elements u 2 P and v 2 fu 2 B n : l( u) > l(u) for all 2 Ig such that w = uv and l(w) = l(u) + l(v). Furthermore, v is the unique element of minimal length in the coset Pw of B n mod P where we quotient B n by P on the left. Let u 2 B n?1 be any element such that u w 0 and k 2 f0; : : : ; n ? dg, then u w and so is u n?1 : : : n?k by Lemma 3.8 and the assumption w d > w d+1 > > w n . Since u n?1 n?k is uniquely represented as a product of an element in B n?1 times a minimal coset representative, we have '(u n?1 n?k ) = (u; k). Hence, ' is surjective. 4. Pattern avoidance and rational smoothness In this section we prove that rational smoothness of X w can be determined by a simple test on the signed permutation w 2 B n . This test was motivated by the result of V. Lakshmibai and B. Sandhya in the A n case which states that X w is smooth if and only if w avoids the patterns 4231 and 3412. We rst de ne the notion of pattern avoidance in the hyperoctahedral group. Then we state the main theorem of this section, namely that rational smoothness is equivalent to avoiding certain patterns in the B n case as well. We conclude with a corollary on the existence of a subposet of the interval below w in Bruhat order which factors into a product of chains and a formula for counting the number elements in an interval of the Bruhat order.
We de ne pattern avoidance in terms of the following function which attens any subsequence into a signed permutation.
De nition 4.1. For any sequence a 1 a 2 : : :a k of distinct non-zero real num- For all i; j, we have jb i j < jb j j if and only if ja i j < ja j j.
For example, ( 6; 3; 7; 1) = 3; 2; 4; 1]. Any word containing the subsequence 6; 3; 7; 1 does not avoid the pattern 32 41. In particular, w = 8 6 23 7 451 (in one-line notation) does not avoid 32 41.
Another way to describe pattern avoidance is with the signed permutation matrices. Namely, a signed permutation matrix w avoids the pattern v if no submatrix of w is the matrix v. The re ections in any Weyl group are the set of all elements of the form u i u ?1 for any u 2 W and any simple re ection i . In particular, the re ections in B n are transpositions t ij and signed transpositions s ij : for i < j and w = w 1 : : :w i : : : w j : : : w n , wt ij = : : : w j : : : w i : : : (13) ws ij = : : :w i : : : w j : : : (14) ws ii = : : : w i : : : : (15) For any u 2 B n such that u w, de ne E w (u) to be the set of all transpositions or signed transpositions e t ij such that u e t ij w. E w (u) is isomorphic to the set of edges emanating from u in the Bruhat graph. 
In particular, w must contain a consecutive sequence ending in w n and w n must be positive. Hence, p w (t) factors using Rule 2. Proof. The root system of type A n?1 is given by the vectors (e i ? e j ) for 1 i < j n. We chose a basis so that the vectors e i ? e j for i < j are in the positive span, hence these are the positive roots. The height of e i ? e j is j ? i. The re ection corresponding with e i ? e j is the transposition t ij .
For any u 2 S n such that p u (t) = (1 + t + + t 1 )(1 + t + + t 2 ) : : : ( . Second, the analog of the Factorization Theorem 3.3 will not be as simple as removing n and/or reducing to a parabolic subgroup. For example, the longest element of D 4 is 1 2 3 4 and p 1 2 3 4 (t) is (1 + t)(1 + t + t 2 + t 3 ) 2 (1 + t + t 2 + t 3 + t 4 + t 5 ). However, for no element u 2 D 3 does p u (t) equal the product of any three of these four factors.
There is an incomplete set of factoring rules that can be proved exactly as in Rules 1 and 2 of Theorem 3. 2. If w contains a consecutive sequence ending in w n = e and e > 0, then p w factors with w 0 = n?1 e+1 e w and = n ? e. 7 . Acknowledgments I would like to thank Vesselin Gasharov, Bertram Kostant, and Victor Reiner for enlightening discussions.
